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Denoising and feature extraction of 2D CT radiographic images

Abstract. 2D CT radiographic images are widely used in industrial as
well as medical applications where it’s difficult to obtain measurements of
quality directly on the physical object by more traditional, quantitative
measurement techniques. In this work we analyze various mathematical
models and their application on real-life industrial data in order to find
out which of them can be used for increasing the amount of information
about the scanned object extracted through such radiographic images.
This is done in two steps. Firstly, the images are denoised in order
to remove unwanted disturbances which affect image quality. Secondly,
differently denoised images are used for feature extraction in order to
highlight features which were not observable by the naked eye in the
original images. The theory as well as the results of several methods are
presented and compared herein. A few of the considered techniques show
promising results both quantitatively as well as qualitatively and give an
indication of promising methods to be investigated in future works.

1.1

Introduction

Image noise is a common problem in many imaging applications. In this context noise is defined to be a disturbance in the observed signal, leading to an
inaccurate measurement of the observed quantity and thus a loss of information. In order to reduce the effect of image noise a denoising technique is often
used. For a denoising technique to be effective, it should take into account the
underlying process which generates the noise. Thus, an essential part in finding an appropriate denoising technique is the ability to accurately characterize
the statistical distribution of the image noise. Once an approximation for the
statistical parameters of the noise has been derived, a method which effectively
reverses the noising process needs to be developed and an image which has less
noise, thus contains more information than the original one should be produced.
This report investigates different methods for 2D radiographic image denoising,
based on regularization and convex optimization techniques. Such an approach
typically gives rise to oversmoothened results, since one chooses the most regular solution in a class of admissible images. Here, we turn this drawback into
an advantage and study the possibility for detecting the edges (features) of the
noisy input from the segmented difference image of two differently denoised images. Since the noise part of the image is assumed to be the least regular one,
slightly varying the denoising level (i.e., modestly enlarging/shrinking the original class of admissible images we consider) is expected to affect only the edge
sharpness. Hence, the set of pixels that change their gray-scale intensity level
between the two denoised outputs most likely belongs to the image edges and
can be visualized in high-contrast via direct (hard-thresholding) segmentation of
their difference image.
One of the primary goals of this work is to analyze a few specific datasets which
have been obtained using the industrial CT-scanner Nikon XT H 225. CTscanners generate 2D radiographic projection images by the principle of counting
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the photons that hit the detector surface. The latter leads to presence of heavy
Poisson noise in the acquisition process. Therefore, the general direction of this
work as well as most of the key assumptions in it are related to these particular
datasets in mind. One of these assumptions concerns the statistical distribution
of the noise: it’s assumed that the noise is either Gaussian, Poisson or a mixture
of the two. As will be later shown in the method-section, this assumption seems
to be valid for the considered datasets. Moreover, their noise distribution is usually of mixed Poisson-Gaussian type, dominated by the Poisson component.
In the presence of pure Gaussian noise, least-squares optimization techniques are
statistically proven to lead to optimal and robust denoising models.
One way of dealing with both Poisson and mixed Poisson-Gaussian noise is to
apply a variance-stabilizing transformation (VST). In this work the Anscombe
transform is considered. It is developed in [1] (see section 1.4.2), transforms
Poisson noise into a Gaussian one with zero mean and unit variance, and has
been used to e.g. denoise photographs and digital images [2, 3] as well as mammographic images [4]. This technique has been proven to be able to effectively
denoise images (see the referenced papers) although it’s not clear how the algorithm can be used in conjunction with feature extraction as no papers describing
such applications have been found.
Another approach for denoising Poissonian images that we consider is to work
directly with the Poisson distribution and its Maximum A Posteriori (MAP) estimate (see [5, 6]). Such mathematical models can be numerically solved with the
use of the Alternating Direction Method of Multipliers, a primal-dual algorithm
for convex optimization problems.
In the following section we will give an overview on how to formulate the process
of image denoising in a way such that numerical algorithms for optimization problems can be applied. Afterwards we will investigate the statistics of the present
noise. Then the main part of the work containing the considered methods and
the acquired techniques will be presented. Finally, the numerical results will be
discussed and few concluding remarks will be given.

1.2

Problem Formulation

Given some image F ∈ Rm×n the aim is to determine another image Fb ∈ Rm×n
s.t. Fb has gray-scale values close to F but is smoother than F . This will in the
end lead to solving a convex optimization problem.
In order to create such type of mathematical model we will first deal with the
issue of how to choose proper regularizers, i.e. a measurement of the smoothness,
and useful data fidelity terms, i.e. a measurement of how close the gray-scale
values of two images are.
In this chapter we will first examine different types of both regularizers and data
fidelity terms and afterwards give two different mathematical formulations of the
modelling optimization problem.

4

1.2.1

Denoising and feature extraction of 2D CT radiographic images
Regularization

The process of image denoising is based on the computation of a smoother solution, so it is crucial to have a proper way of measuring smoothness. This means
that for a given image represented by a matrix F ∈ Rm×n we want to find some
operator ||L · ||, s.t. ||LF || gives information about the smoothness of F .
When addressing the smoothness of some image we will use a forward difference
approximation of the discrete gradient ∇ defined by the independent gray-scale
intensity changes in horizontal and vertical directions:
(
Fi,j+1 − Fi,j if j ∈ {1, . . . , m − 1}
dF
[Fx ]i,j =
:=
dx i,j
0
if j = m
(
Fi+1,j − Fi,j if i ∈ {1, . . . , n − 1}
dF
[Fy ]i,j =
:=
dy i,j
0
if i = n
If we refer to the discrete gradient ∇F directly, we mean a block matrix formed
by both the x and the y derivatives:
 
F
∇F := x .
Fy
With this definition in mind, we define two different regularizers:
• `2 -regularization
||∇F ||22 =

X

|(∇F )i,j |2 =

i,j

X
([Fx ]i,j )2 + ([Fy ]i,j )2 .

(1.1)

i,j

• `2,1 -regularization, which is also referred to by total variation (TV) norm
X
Xq
|| |∇F | ||1 =
(|[Fx ]i,j |2 + |Fy ]i,j |2 ).
(1.2)
|(∇F )i,j | =
i,j

i,j

Most methods can be easily used with both regularizers but the numerical results
have shown that `2 -regularization is not as well suited for image denoising as `2,1 regularization is, which is why we will in the following often focus on the latter
one.

1.2.2

Data fidelity

In order to create a proper mathematical model for image denoising the second
important prerequisite is the choice of a data fidelity term, i.e. a measurement of
how close the computed image is to the original one. If no data fidelity restrictions
are applied, the pure minimization of the regularization term will obviously give
rise to a constant solution, as this is the smoothest one. Hence, we want to find
some operator D(·, ·), s.t. D(F, Fb) gives information on how close the two images
F and Fb are and then search for the most regular image Fb in a D-neighborhood
of F (i.e., D(F, Fb) – small).
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The theoretical basis for the design of this operators lays on statistics: We can
model the noisy image as randomly generated from the original noise-free one.
We can then try to re-express the concept of how far away is an image F from
another image F̂ as how likely it is to measure the image F given that the real
image is the image F̂ .
Even with no statistical background, one of the first obvious choices is to use the
`2 distance between the two images:
D2 (F, Fb) := ||F − Fb||22 .

(1.3)

It turns out that this distance is in fact also sound from a statistical point of
view: least-squares are maximum-likelihood MAP estimates for Gaussian data,
that is, when the fluctuations in all pixels are assumed to be Gaussian iid variables. For the application of CT radiographic images, where Gaussian-distributed
noise is assumed to be strongly dominated by Poisson-distributed noise, this is
not the best suited choice. In order to use it, it is recommended to firstly apply
a variance-stabilizing transformation to the input image, such that its noise is
transformed into a purely Gaussian one. This will be discuss later.
Another approach for data fidelity measurement is the Kullback-Leibler-Divergence,
which in the following will be called I-divergence:

d

P F log Fi,j  + F − F
d
d
if F
i,j
i,j
i,j
i,j > 0
Fi,j
DI (F, Fb) = i,j
(1.4)


∞
otherwise
This data fidelity term comes from the statistical study of independent Poisson
distributed noise. It is precisely the sum of the MAP neg-log-likelihoods for the
Poisson distributed case, and therefore should be specially suitable to study the
cases where the noise is purely Poisson.

1.2.3

Convex optimization problem

After considering different types of both regularization and data fidelity terms
we can formulate the image denoising task as an optimization problem.
In the following text we will denote by ||L · || some regularizer and by D(·, ·) some
data fidelity term, whenever it is not necessary to specifically choose one.
The first intuitive approach for a mathematical model is the constrained problem:
Given F ∈ Rm×n compute Fb ∈ Rm×n such that
Fb = arg min{||Lx|| s.t. D(F, x) ≤ τ }.

(1.5)

x∈Rm×n

In this problem formulation τ is a parameter representing the constraint on distance in the sense of D(·, ·). Formula (1.5) states that we are looking for the
smoothest solution w.r.t. L in a τ -neighborhood w.r.t. D of the input. Typically
there are statistical arguments, allowing for choosing a meaningful value of τ .
Namely, for the solution F̂ it is known that D(F, F̂ ) = τ , so if we want F to be
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a realization of a noisy random variable for the noise-free image F̂ , we can use
the noise characteristics in order to estimate the exact value of τ . An alternative approach is the penalized version of (1.5), where the data fidelity term is
incorporated in the optimization functional:
Given F ∈ Rm×n compute Fb ∈ Rm×n such that
Fb = arg min{||Lx|| + λD(F, x)}.

(1.6)

x∈Rm×n

For the penalized problem the parameter to be chosen is λ, which can be seen
as a weight factor between regularization and data fidelity. For both problem
formulations it is in general a nontrivial task to choose the optimal parameter but
for the constrained problem (1.5) information about the noise can give sufficient
estimations of τ , which usually is an advantage compared to the choice of λ for
the penalized problem (1.6). As suggested in [5] we will in the following always
choose
τ :=

mn
2

when considering the constrained problem.
On the other hand, numerically solving the penalized problem seems to be a
much cheaper process that executes in less time and uses less computer memory.
The two different problem formulations are closely related in terms of solutions
and parameters. It has been shown in [7] that, under some general assumptions
on both L and D, for every τ > 0 there exists a unique λ > 0, such that the
minimizers F̂τ of (1.5) and F̂λ of (1.6) coincide. Different formulas have been
proposed on how to compute one optimal parameter knowing the other one, see
e.g. [8].
In the following section we will investigate the statistical distribution of the image
noise such that this information can help finding appropriate denoising methods.

1.3

Statistical analysis of the noise

In order to perform the right optimization methods and improve the quality of
the image as much as possible, the process which generates the noise must be well
understood. When dealing with an imaging device which operates by counting
photons (as is the case with the CT-scanner used) the standard assumption is
that the noise can be well described by a Poisson distribution. We have discussed
whether or not this assumption is true and based on this we concluded that the
noise in general cannot be fully characterized as Poisson noise. Therefore, we will
in this section analyze the noise characteristics and propose a more general model
that is consistent with the data at hand. Our initial weakened assumption is that
the intensity of a pixel follows a mixed Poisson-Gaussian distribution around the
true value of the pixel, that is
F (x, y) = P oiss(F̄ (x, y)) + N (0, σ 2 )

(1.7)
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where F (x, y) is the observed image and F̄ (x, y) is the true (noise-free) image,
and σ is assumed to be independent of x and y.
The statistical analysis was performed on sets of 8 to 16 radiographic images generated from the same object by the same CT scanner, and taken consecutively in
a narrow time frame. From the images we obtained many series of 16 elements
data (from each pixel). We then studied the relation between the mean and the
variance of the data samples.
If the data was purely distributed with a Poisson distribution, the observed variance should be proportional to the expected value (which we can approximate
by the observed mean). The factor of proportionality could in turn be used to
find the proportionality factor between the numeric intensity of the CT scan and
the observed number of photons1 .
If, on the other hand, the noise was purely Gaussian, there should be no observed
relationship between the variance and the mean. In the real CT images, however,
the relationship between the mean and the variance is seen to be roughly a linear
function, shifted upwards by a constant (see figure 1.1).
It is however possible to transform the mixture of Poisson and Gaussian noise
to a pure Gaussian noise by performing the adequate non-linear transformation
of the data, once the parameters of the Poisson and Gaussian distributions are
known.
In order to effectively implement this into an image processing pipeline, it is
important to first design a method to extract the Poisson and Gaussian noises
from a single image.

Figure 1.1: Relationship between the pixel mean and the pixel variance for the
set of pictures F2. The background shows the pixel density with a given mean
and variance, the orange line shows the local mean of the pixel variance as a
function of the mean (generated by 50 equispaced bins)
1
The output from the CT scan is proportional to the intensity received by the detector, but
not exactly equal to the number of photons. Since the number of photons is the random variable
which is Poisson-distributed, it is important to find the relationship between the number of
photons and the intensity in the scan.
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Gaussian and mixed noise

In the following section we will first do analytical investigations for the case
of `2 data fidelity terms defined in (1.3), which should give sufficiently good
results in the case of purely Gaussian noise. Afterwards we will introduce the
Generalized Anscombe transform, which will attempt to transform Poisson noise
into Gaussian noise, thus improving the results in cases where the noise isn’t
purely Gaussian.

1.4.1

Solution under `2 data fidelity and `2 regularization

An initial simplification of the problem is taking the limit in which the number of
pixels is going to infinity, and the image, instead of being understood as a matrix
with discrete parameters (i,j) is understood as a continuous image (function)
with continuous parameters (x,y).
The specific case of `2 regularization and `2 data fidelity, defined in (1.1) and (1.3)
respectively, can be solved analytically using standard variational techniques.
Under the aforementioned assumptions, the functional we wish to minimize is:
Λλ f = ||f − u||22 + λ||∇f ||22
under Dirichlet or Von Neumann conditions. In order to do so we follow the standard variational principle, by minimizing over all directional derivatives. This
computation yields that
d
Λλ (f + th) = hf − u, hi`2 + λh∇f, ∇hi`2
dt
Now, by using the standard trick in variational analysis that, under Dirichlet or
Von Neumann conditions it holds that h∇f, ∇hi`2 = −h∇2 f, hi`2 , one can see
that
d
Λ(f + th) = hf − λ∇2 f − u, hiL2
dt
For this to be true for every h, it must hold that
f − λ∇2 f − u = g

(1.8)

This equation can be solved by first switching to the Fourier domain. In the
Fourier domain the Laplacian operator can be written as −(kx2 +ky2 ), and therefore
the solution to our equation must be such that
(1 + λ(kx2 + ky2 ))fˆ = ĝ
and therefore
fˆ = ĝ

1
1 + λ(kx2 + ky2 )

Now, by the convolution theorem, we can recover f from the above equation as
f =g∗K
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where K is the inverse Fourier transform of 1+λ(k12 +k2 ) .
x
y
A lot of ink and suffering can be invested and analytic calculations can be performed to show that K is, up to a scaling factor, equal to
r


1
r
K=
K0 √
8πλ3
4πλ
p
where r = (x2 + y 2 ) and K0 is the first modified Bessel function of the second
kind.
The derived solution, however, is numerically unstable since the derived kernel
is singular at the origin. Therefore, it is not possible to discretize it in a trivial
way. Instead of this discretization, two alternatives are proposed
• Solve the discretized problem in the Fourier space, where there are no
singularities to be discretized
• Solve the differential equation (1.8) in its discretized version.
The second approach can be described in the following way. Recall that one
problem formulation is the penalized problem as defined in (1.6):
arg min kx − F k22 + λk∇xk22
x≥0

Using numerical methods and the definition of the `2 regularization the problem
can be turned into the following finite difference optimization problem
!
X
X h xi+1,j − xi,j 2  xi,j+1 − xi,j 2 i
∂
(xi,j − Fi,j )2 + λ
+
= 0 =⇒
∂i,j
2
2
i,j

i,j

xi,j + λxi,j −


λ
xi+1,j + xi,j−1 + xi,j+1 + xi−1,j = Fi,j , ∀(i, j).
4

With the Kronecker sum of the discrete Laplacian given by
0
∇ = Dxx ⊗ I + I ⊗ Dyy

the discrete equation to solve is
I+

λ 
∇ x = F.
4

To solve this numerically, the main idea is to decompose the original noisy image
into smaller regions and smooth them using the equation above. Because of the
loss of information around the borders of the regions, a new extended image was
created with borders symmetrical to the smaller one. To deal with the mixture
of Poison and Gaussian noise, the generalized Anscombe transform, defined in
the following section, was used on the images. Thus, removing the Poison noise,
the discrete equation is solved numerically. The smoothness of the new image
depends on the choice of the penalizer λ.
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The Anscombe transform

Let F be a noisy image where the noise consists of two parts, one part Poisson noise and one part Gaussian noise (see (1.7)). The generalized Anscombe
transform of F is defined by
p
a(F ) = 2 F + 3/8 + σ 2 ,
where σ 2 is the variance of the Gaussian noise. Note that σ = 0 implies purely
Poisson noise and is referred to as the regular Anscombe transform. The idea
behind the Anscombe transform is that it should transform the mixed noise of
F into purely Gaussian noise. This transformation therefore enables the use
of standard additive white Gaussian noise (AWGN) denoising algorithms to be
applied to the problem. Once the AWGN algorithm has been used to denoise
the image, the inverse Anscombe transform is used to transform the image back
to the original intensity domain, consequently producing a denoised version of
the original image. It’s important to note that should the assumptions about the
noise distribution or the value of σ be incorrect this procedure might actually
lower the quality of the result.
An outline of the whole denoising procedure can be found in [2]. Using the
notation of [2] and the references therein, the denoised image is derived through
F̂ = I(Φ[a(F )])
where I is the inverse univariate Anscombe transform and Φ is the AWGN filter.
In the present case the exact unbiased inverse of the Anscombe transform (proposed in [9], equation (8) and used by e.g. [2]) is used, which for a given pixel is
defined as
Z∞ p
∞ 
2
X
y k e−y − (z−k)
√
I = I(z, y, σ) =
2 z + 3/8 + σ 2
e 2σ2 dz
k! 2πσ 2
k=0
−∞

where z is the observed pixel intensity (i.e. z = Fi,j for some (i, j) ∈ {1, . . . , m}×
{1, . . . , n}), y = F̄i,j is the mean of the Poisson-part of the noise of F (thus, equals
the corresponding noise-free pixel intensity) and σ 2 is once again the variance of
the Gaussian noise. For the AWGN denoising there exist many different algorithms, see e.g. [10, 11, 12]. The AWGN filter Φ we use is the so called BM3D
denoising algorithm found in [10] which solves a constrained optimization problem to obtain a denoised estimate of the image. This is the filter [2] primarily
uses and we make use of their implementation of the filter which they provide2 .

1.5

Alternating Direction Method of Multipliers

In this section we consider the Alternating Direction Method of Multipliers (ADMM),
which is a specific type of Primal-Dual-Algorithm for numerically solving constrained convex optimization problems.
We start by giving a short overview of the Duality principle in optimization and
continue with some details on the ADMM algorithm.
2

Available at http://www.cs.tut.fi/∼foi/invansc/
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1.5.1

Duality in optimization

Let us first consider a general optimization problem of the form
Minimize f (x) subject to g(x) ≤ 0.
Here we have f, g : Rm×n → R and assume that they are sufficiently smooth.
Keeping in mind that the method should be applied to the constrained optimization problem (1.5), it is not necessary to consider vector-valued constraints.
The first naive approach to solve this problem is to minimize the following function:
(
f (x) if g(x) ≤ 0
H(x) =
∞
otherwise
However, the function H is clearly discontinuous in general and thus non-differentiable
which means that general (variational or Newton type) minimization algorithms
will not work for this function.
The first step in the reformulation of the problem is to rewrite H as
H(x) = f (x) + ι≤0 (g(x)),
where ι≤0 can be seen as an indicator function of the negative half-axis with
infinite step:
(
0
if v ≤ 0
ι≤0 (v) =
.
∞ otherwise
It is obvious that this formulation is in fact equivalent to the original definition
of H and so the function is still discontinuous.
The next step is to approximate ι≤0 by the linear function λv. For λ ≥ 0 this is
a lower bound for ι≤0 and we can use it to formulate the Lagrangian:
L(x, λ) = f (x) + λg(x).
Let x ∈ Rm×n . Then two different cases might occur:
1. g(x) ≤ 0: L(x, 0) = H(x)
2. g(x) > 0: lim L(x, λ) = H(x)
λ→∞

So we can in general conclude that for any x ∈ Rm×n we get H by maximizing
L w.r.t. λ:
H(x) = max L(x, λ)
λ≥0

The original problem was a minimization of H w.r.t. x, which now can be
rewritten in a min-max form as
min H(x) = min max L(x, λ).

x∈Rm×n

x∈Rm×n λ≥0
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Let us now consider the problem with reversed order of maximization and minimization:
min H(x) = max min L(x, λ)

x∈Rm×n

λ≥0 x∈Rm×n

With this we can define the dual function
g(λ) = min L(x, λ)
x∈Rm×n

and formulate the dual problem as a maximization of g w.r.t. λ with the constraint λ ≥ 0. In contrast we call the original problem of maximizing H w.r.t. x
as the primal problem.
As L is linear in λ and g is defined as a point-wise minimum of L we can conclude
that g is concave. Furthermore the constraint λ ≥ 0 is linear in contrast to the
in general nonlinear constraint of the primal problem. So even for non-convex
primal problems we get a convex dual problem.
We now have to address the relation between the primal and the dual problem.
Knowing that λv is a lower bound on I(v) we see that
L(x, λ) ≤ H(x)
holds for all λ ≥ 0 and x ∈ Rm×n . From this we first minimize w.r.t. x on both
sides and then maximize w.r.t. λ on the left side to get:
min L(x, λ) = g(λ) ≤ min H(x) =: p∗

x∈Rm×n

⇒

x∈Rm×n
∗

∗

d := max g(λ) ≤ p
λ≥0

(1.9)

We denote by p∗ and d∗ the solutions (i.e. optimal points) of the primal and dual
problem respectively.
The inequality (1.9) holds for all primal problems, i.e. also for non-convex problems, and is called weak duality. So for every optimization problem there exists
a convex dual problem whose solution gives a lower bound on the solution of the
original primal problem.
Furthermore if the primal problem is already convex and the set of points strongly
satisfying the constraint is non-empty, i.e.
{x ∈ Rm×n : g(x) < 0} =
6 ∅,
we already have d∗ = p∗ , which is called strong duality, see [13].

1.5.2

Application of duality on image denoising

We want to apply the duality principle on the constrained problem:
Given F ∈ Rm×n compute Fb ∈ Rm×n such that
Fb = arg min{||Lx|| s.t. D(F, x) ≤ τ }.
x∈Rm×n

(1.10)
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We choose the regularizer to be the TV-norm, i.e.
||Lx|| = || |∇x| ||1
according to (1.2) but leave the choice of the data fidelity term open for now, i.e.
D(·, ·) might be both the `2 distance and the I-divergence.
As we consider only the case F > 0 (component-wise), D(f, ·) is convex for both
data fidelity terms and so the sets
{x ∈ Rm×n : D(F, x) ≤ τ }
are convex and non-empty for all τ ≥ 0. As the TV-norm is convex as well, the
constrained problem is a convex optimization problem. With the results of the
former section we can conclude that strong duality holds, i.e. the solutions of
the primal and the dual problem are equal.
We will spare further details on the derivation of the dual problem as they are
given in [5].

1.5.3

ADMM for solving the constrained problem

Before giving the algorithm we need to clarify the notation. Let a, b ∈ Rm×n ,
λ > 0, S ⊂ Rm×n and || · || be some norm on Rm×n . Furthermore let L and D
be as previously defined. We will use the following notation:
• indicator function of the set S:
(
0
ιS (x) :=
∞

if x ∈ S
otherwise

• τ -levelset of D:
levτ,D(a,·) := {x ∈ Rm×n : D(a, x) ≤ τ }
• λ-ball of || · ||:
B||·|| (λ) := {x ∈ Rm×n : ||x|| ≤ λ}
• dual norm of || · ||:
|| · ||∗ := max < ·, x >
||x||≤1

1
• solution of the problem b
t = arg min{ ||t − a||22 + λD(b, t)}:
t∈Rm×n 2
p
1
b
t(a, b, λ) := (a − λ + (a − λ)2 + 4λb)
2
• non-negative matrices:
Rm×n
:= {x ∈ Rm×n : xi,j ≥ 0 ∀i, j}
+

Denoising and feature extraction of 2D CT radiographic images
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Note that the computation of the explicit formula for b
t as solution of the penalized
least squares problems is a nontrivial task, for details see [5]. Furthermore note
that the definition of b
t has to be understood component-wise.
As in our application of image denoising the first argument in the data fidelity
term D will always be the original image F , we will suppress the second argument
of b
t and instead write b
t(a, λ).
In addition we denote by PS the orthogonal projection on the set S. As the
definition obviously depends on S, we will give the computation formulas later
when considering specific sets.
Now we will give the ADMM algorithm for the constrained problem with Idivergence data fidelity found in [5] and afterwards go into detail on the different
steps:
Algorithm 1 ADMM for constrained problem
Require: Original image F ∈ Rm×n , parameter γ > 0, number of steps N ∈ N
Ensure: Smoothened image x ∈ Rm×n
Initialization:
(0)
(0)
(0)
q1 = q2 = q3 = 0
(0)
(0)
y1 = y3 = F
(0)
y2 = LF
for k = 0, . . . , N do
(k)
(k)
(k)
(k)
(k)
x(k+1) = arg min{||q1 + x − y1 ||22 + ||q2 + Lx − y2 ||22 + ||q3 + x − y3 ||22 }
x∈Rm×n

γ
(k)
, ||q1 + x(k+1) − y1 ||22 }
2

(k+1)
y1

= arg min {ιlevτ,D(F,·) (y1 ) +

(k+1)
y2

γ (k)
||q2 + Lx(k+1) − y2 ||22 }
2
y2
γ (k)
= arg min {ιRm×n (y3 ) + ||q3 + x(k+1) − y3 ||22 }
+
2
y3 ∈Rm×n

(k+1)

y3

(k+1)

q1
(k+1)
q2
(k+1)
q3
end for
return

y1 ∈Rm×n

= arg min {||y2 || +
∈R2m×n

(k)

(k+1)

= q1 + x(k+1) − y1
(k)
(k+1)
= q1 + Lx(k+1) − y2
(k)
(k+1)
= q1 + x(k+1) − y3
F̂ = x(N +1)

The first important observation is that we have 3 sets of primal-dual variable
(k) (k)
pairs (yi , qi ), i = 1, 2, 3. Each pair corresponds to a different property of the
approximated solution:
(k)

(k)

(k)

(k)

(k)

(k)

1. (y1 , q1 ): data fidelity
2. (y2 , q2 ): smoothness
3. (y3 , q3 ): non-negativity
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(k)

(k)

Given the primal-dual pairs (yi , qi ), i = 1, 2, 3 the definition of x(k+1) is obvi(k)
(k)
ous as it simply means to choose the one with values close to both y1 and y3
(k)
and with discrete gradient close to y2 . The new iterate x(k+1) can be computed
as the solution of the following linear system:
(k)

(k)

(k)

(k)

(k)

(k)

(2I + LT L)x(k+1) = ((y1 − q1 ) + LT (y2 − q2 ) + (y3 − q3 ))
In order to make the expression LT well defined, we have to rewrite all variables
in vector form. Having done this, there is a matrix representation of L. For
further details see [5].
(k+1)
The computation of y1
is the most complicated part of the algorithm as it is
supposed to ensure the data fidelity in terms of I-divergence of the approximated
(k)
solution. For this we first define a(k+1) := q1 + x(k+1) . With this we can write
the update of y1 as follows:

a(k+1)
if a(k+1) > 0 and DI (F, a(k+1) ) ≤ τ
(k+1)
y1
=
λk+1 
b
t a(k+1) ,
otherwise
γ
At this point there are two different ways to handle λk+1 :
1. prescribe λ0 and set λk+1 = λ0 for all k = 1, . . . , N
2. choose the optimal λk+1 in every step as the solution of the nonlinear system
DI F, b
t a(k+1) ,

λ 
=τ
γ

These two ways have both advantages and disadvantages. Choosing a constant
λ obviously saves computation time as there is no necessity to solve a nonlinear
system (by e.g. Newton’s method) in every step. On the other hand choosing
the optimal λ gives the opportunity of getting the best possible results. As it is
a nontrivial task to prescribe a sufficiently good λ just from the knowledge of the
original image we suggest to use the second approach for general image denoising
algorithms.
(k+1)
The computation of y2
is supposed to ensure that the iterates are getting
(k)
smoother with each step. Note that all iterates y2 are of dimension 2m × n as
smoothness is measured in both x and y direction. Thus we can use 3 instead of
2 indices specifying the matrix entries:
( (k)
[y2 ]i,j
if k = 1
(k)
[y2 ]k,i,j :=
(k)
[y2 ]m+i,j if k = 2
This means that the index k = 1, 2 specifies if we consider x or y derivatives.
Note that i ∈ {1, . . . , m}.
The new iterate can be computed by
(k+1)

y2

(k)

= PB||·||∗ (1/γ) (q2 + Lx(k+1) ),
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where the projection is done by coupled soft shrinkage, see [6]:

[PB||·||∗ (µ) y]k,i,j


[y]k,i,j


[y]k,i,j − µ q
[y]21,i,j + [y]22,i,j
:=


0

if

q
[y]21,i,j + [y]22,i,j ≥ µ

otherwise

(k+1)

The next step is the computation of y3
, which is supposed to ensure that
the solution is non-negative. For this we simply do a projection on the set of
non-negative matrices:
(k+1)

y3

(k)

= PRm×n (q3 + x(k+1) )
+

The projection PRm×n is intuitively defined as follows:
+

[PRm×n y]i,j
+

(
[yi,j ]
:=
0

if [yi,j ] ≥ 0
otherwise

It has been shown in [14] that the sequence {x(k) } converges to a solution Fb of
the constrained problem with parameter τ .
An interesting observation is the fact that if one chooses to compute the optimal
b s.t. Fb is also the
λk+1 in every step, the sequence {λk } converges to a value λ
b
solution of the penalized problem with parameter λ, see [5].
As last step of this section we have to address the formerly left out question
of choosing the data fidelity term. We will in the numerical experiments see
that the `2 distance works quite well for Gaussian-distributed noise, while Idivergence data fidelity gives better results for Poisson-distributed noise. This is
consistent with the fact that the I-divergence is related to the MAP estimator of
Poisson-distributed data, and the `2 distance is related to the MAP estimator of
Gaussian-distributed data.

1.6

Numerical experiments

This section presents the outcome of applying the studied methods to two different real-life radiographic images: one generated from a 3D printed object and
one generated from an industrial metal welding. Especially the second example shows the need of effective denoising algorithms as in this work piece there
are small air bubbles included along the weld seam, possibly causing stability
problems. In the original noisy image those bubbles are strongly overlaid by the
noise which makes them almost invisible. Due to the original size of the second
example (1446 × 1840 pixels) we will consider only a cropped version of it with
the size 500 × 600 pixels.
The section is divided into two parts; firstly the quantitative results will be presented and secondly the qualitative results.
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Quantitative results

There are a few different quantitative measures which are commonly used to
compare the results of image denoising. The most commonly used measurement
is the peak signal to noise ratio (PSNR) which is defined to be the ratio of the
maximum (peak) magnitude of a signal and the magnitude of the noise which is
corrupting the signal. The mathematical definition is given by

PSNR(x, x̂) = 10 log10

| max x − min x|2
.
1
2
N kx − x̂k2

(1.11)

Another commonly used measure is the mean absolute error (MAE). The mathematical definition is given by

MAE(x, x̂) =

1
kx − x̂k1
Nν

(1.12)

where ν is the maximum intensity (the number of photons observed in the present
case) which makes this a scale-dependent measurement.
By eq (1.11) it follows that a higher PSNR implies a better denoising. For the
MAE the converse is true, namely that eq (1.12) implies that a lower MAE implies
a better denoising.
Please note that for both these measures x is the true (noise-free) image and that
x̂ is the computed (denoised) approximation of x. Thus, the computed PSNR and
MAE are functions of the true image used. Since the true image is not known in
practice we approximate the original image by a frame average consisting of 2048
frames. The motivation for this approximation is the fact that, by the central
limit theorem, the standard deviation of the noise distribution (thus the noise
itself, since its mean value matches the noise-free data) in the frame averaged
image tends towards 0 as the number of frames used tends to infinity. This frame
average consisting of 2048 images should therefore provide a reasonable estimate
of the true image.
The following tables show the computed PSNR and MAE values after applying
the different methods on both images:
Algorithm
Original image
Regular Anscombe
Generalized Anscombe
ADMM and I-divergence
ADMM and `2

PSNR
24.640
33.790
31.205
35.663
28.711

MAE (10−5 )
6.887
2.404
3.989
2.540
4.657

Table 1.1: Calculated PSNR and MAE for the original image as well as for the
considered algorithms for the 3D object image.
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Algorithm
Original image
Regular Anscombe
Generalized Anscombe
ADMM and I-divergence
ADMM and `2

PSNR
14.942
27.625
18.163
33.339
22.360

MAE (10−4 )
11.58
2.833
8.392
0.378
4.750

Table 1.2: Calculated PSNR and MAE for the original image as well as for the
considered algorithms for the welding image.
In review of the given quantitative measurements after applying the different
methods on the two test examples we can observe that all methods provide
significant increases in the PSNR and decreases in the MAE.
One of the most important observations is the fact that the ADMM method using
the I-divergence as data fidelity measurement gives significantly better results
compared to the method with `2 data fidelity. This can be seen as an indicator
that in fact Poisson noise is dominating the Gaussian noise in the considered
examples.
Another interesting result to note is the fact that the generalized Anscombe
performs well for the 3D object image, reporting PSNR and MAE values which
are considerably better than the original (noisy) image, whilst for the welding
image the improvements compared to the original image are comparatively small.
One reason for this could be the fact that the estimate of σ in eq (1.4.2) is less
reliable when less data is available (remember that the welding image which
is processed is actually just a small crop of a larger image, where the larger
image has roughly the same size as the 3D object image). An incorrect σ would
mean that the underlying distribution (in particular the Gaussian part of the
noise) is incorrectly modelled and thus the denoising based on this model will be
sub-optimal. Furthermore, on both the datasets the regular Anscombe transform
(σ = 0) outperforms its generalization, which is another strong indicator that the
Poisson noise is dominant and that the σ estimation techniques are unreliable.

1.6.2

Qualitative results

While quantitative measurements are quite useful when comparing different methods and approaches, for usual applications of 2D CT radiographic images the
qualitative results are more important.
Although the Anscombe transform is a good way of denoising the images, it’s
not obvious how it should be used for feature extraction since feature extraction
generally relies on computing the difference image between two different denoised
images. Since there is no system parameter which can be varied as in the case of
e.g. the ADMM algorithms the only way of doing it for the Anscombe algorithm
seem to be to take the difference between results of the regular Anscombe transform and the generalized Anscombe transform. In review of figure 1.2 we can
conclude that similar to the quantitative results both ADMM with I-divergence
and the Anscombe transform work very well in denoising the image. For both
methods the results seem almost noise-free. Nevertheless a common drawback
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(a) Reference image

(b) Noisy image

(c) ADMM with I-divergence

(d) ADMM with I-divergence

(e) Anscombe method

(f) Anscombe method

Figure 1.2: 3D object image. Comparison between reference image (a frame
average of 2048 raw frames) and a noisy image as well as denoised images and
feature extraction for ADMM with I-divergence and the Anscombe method.
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of denoising algorithms based on regularization is showing up for both methods:
slightly visible edges can sometimes get lost due to oversmoothing. In some cases
this is caused by insufficient parameter choice but for this specific example it
was not possible to get noise-free results showing all the interior edges with the
considered methods.
As previously mentioned it is not clear how to do feature extraction when using
the Anscombe method. In figure 1.2f it can be seen that the difference image
between the regular and the generalized Anscombe method detects less features
compared to the ADMM algorithm with different parameters.
The results in figure 1.3 show that the ADMM algorithm with I-divergence as
well as the Anscombe method strongly increase the visibility of the bubbles in
the weld seam and thus can in fact be helpful for practical applications. The
visibility of the bubbles are roughly the same in the reference image as in the
denoised images, where the ADMM with I-divergence results seem slightly better
than the Anscombe method.
Using feature extraction makes the location of the bubbles even clearer, see figures 1.3d and 1.3f. The difficulties when using feature extraction on denoised
images acquired with the Anscombe method show up again: although the locations of the bubbles are indicated in figure 1.3f they are less exact compared to
the results in figure 1.3d.

1.7

Conclusion

Different approaches for denoising and feature extraction of 2D CT radiographic
images have been used on real industrial data. The optimal method for a given
image depends on the noise distribution, which has to be examined before choosing a specific method. According to the statistical analysis, it does indeed seem
that our data can be well approximated as the sum of two parts, one part being
Poisson distributed and the other part being Gaussian.
The approach based on the generalized Anscombe transform needs a variance
estimation of the Gaussian noise in case of mixed noise, which is in general a
nontrivial task. It would be interesting to further investigate how feature extraction should be conducted in the case of the Anscombe method, as the method
shows promising results in terms of pure denoising.
The given ADMM algorithm on the other hand is a fast and stable method giving great results in case of known and pure noise distributions. We were able to
point out to main drawbacks of this approach: firstly this method has always free
parameters that need to be chosen a priori and secondly the noise type should be
known in order to choose a proper data fidelity term, which makes it a nontrivial
task to generalize this method.
From the studied examples we observe that, although both methods work very
well in denoising 2D CT radiographic images, the ADMM algorithm should be
preferred when it comes to feature extraction.
Future work might include further generalization of the given methods including optimal choice of parameters for the ADMM algorithm and combining the
advantages of both approaches.
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(a) Reference image

(b) Noisy image

(c) ADMM with I-divergence

(d) ADMM with I-divergence

(e) Anscombe method

(f) Anscombe method

Figure 1.3: Welding image. Comparison between reference image (a frame average of 2048 raw frames) and a noisy image as well as denoised images and feature
extraction for ADMM with I-divergence and the Anscombe method.
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